In this paper, strongly clean ring defined by W. K. Nicholson [6] in 1999 has been generalized to n-strongly clean, -strongly clean and with the help of example it has been shown that there exists a ring, which is n-strongly clean and -strongly clean but not strongly clean. It has been shown that for a commutative ring R formal power series R[( x )] of R is n-strongly clean if and only if R is n-strongly clean. We also discussed the structure of homomorphic image of n-strongly clean and direct product of n-strongly clean rings. It has also been shown that for any commutative ring R, the polynomial ring R ( x ) is not -strongly clean ring.
Definition 1.2:
Let n be any positive integer. An element x of R is called nstrongly clean ring if x= e+u 1 +u 2 + . . . +u n such that eu 1 = u 1 e, eu 2 = u 2 e, . . . , eu n = u n e where e is idempotent and u 1 , u 2 , . . . , u n are units in R. A ring R is called n-strongly clean if every element of R is n-strongly clean.
Definition 1.3:
Let G be a cyclic group of order 3 then group ring Z p G is 2-strongly clean but not strongly clean for any prime p =2.
Proof: Let G = 1, a, a 2 , with a 3 =1 then,
2 /m i , n i ∈ Z and p does not divide n i }, where i = 1,2,3 is a commutative.
Y. Yuanqing, [Theorem 3.1, [5] ] showed that Hence Z p G is semiclean. Hence Z p G= p + u , where p is periodic and u is unit in Z p G.
By [Lemma 5.1, [5] ] periodic elements are clean, p can be written as
Where e is an idempotent element in Z p G and v is unit in ZpG So we obtain
Hence Z p G is 2-strongly clean. Han and Nicholson [3] showed that Z 7 G is not clean. Hence, 2-strongly clean ring need not be strongly clean. (i) Homomorphic image of n-strongly clean ring is n-strongly clean.
(ii) A direct product R = Π α R α of ring (R α ) is n-strongly clean if and only if each R α is n-strongly clean
Proof: (i) is obvious, so we need to prove only (ii)
Suppose each R α is an n-strongly clean ring and for each α , write x α = e α + u 1 α + . . . + u n α , where u i α ∈ U(R α )(1≤ i ≤ n ) and e α ∈ Id(R ) such that every e α commutes with every u α . Then x = e + u 1 + u 2 + . . . + u n , where u i α ∈ U(R α )(1≤ i ≤ n ) and e α ∈ Id(R ) is an n-strongly clean ring. Conversely, suppose that R is n-strongly clean, then let
write, r o = e + u 1 + u 2 + . . . + u n , eu 1 = u 1 e, eu 2 = u 2 e, . . ., eu n = u n e where e ∈ Id(R) u 1 , u 2 , u 3 , . . ., u n ∈U(R) then, f = e + (u 1 + r 1 x + r 2 x 2 + . . .) + u 2 + . . .+ u n where e ∈ Id(R)
Hence R[x] is n-strongly clean ring. Proposition 1.6: Let n be a positive integer and I is an ideal of R, which is contained in J(R). If R/I is n-strongly clean and idempotent can be lifted modulo I, then R is n-strongly clean.
Proof: Let a∈R andā =ē +ū 1 +ū 2 + . . . +ū n where e 2 -e ∈ I andū i v i =v i u i =1 with v i R(i = 1,2,3, . . . ,n). Since idempotent can be lifted modulo I, we may assume that e 2 = e∈R. Also we can assume that u i (1≤i≤n) is unit in R because u i v i = 1 + r i , v i u i = 1 + t i for some r i , t i ∈I⊆J(R), but J(R)={r∈R/r+a is a unit for every unit in a∈R}. So R is a n-strongly clean.
Camillo and Yu [2] in 1994 showed that R is clean if and only if every element of R is sum of unit and square root of 1. Corollary 1.7: Let n be a positive integer and R be a commutative ring. Then R is strongly clean if and only if every element of R is sum of unit and a square root of 1.
We extended this result to n-strongly clean rings. Proposition 1.8: Let R be a commutative ring in which 2 is invertible and n be a positive integer .Then R is n-strongly clean if and only if R is sum of n-units and square root of 1.
Proof: Suppose R is n-strongly clean and x ∈ R , then x+1 2 = e + u 1 + u 2 + . . . + u n , where e 2 = e, eu 1 = u 1 e, eu 2 = u 2 e, . . ., eu n = u n e and thus x = (2e-1) + 2u 1 + 2u 2 + . . . + 2u n with (2e-1) 2 = 1 and 2u 1 ,2u 2 ,. . . ,2u n = U(R). Conversely, if x∈R then 2x-1 = f + u 1 + u 2 + . . . + u n where f 2 =f and u 1 ,u 2 ,. . . ,u n = U(R).
(f + 1)] ∈ Id(R) and 1 2 u 1 ,. . ., 1 2 u n ∈U(R) and due to commutibility of R, x is n-strongly clean element.
For any positive integer n, we let U n (R ) denote the set of the element of R that can be written as no sum of more than n units of R. A ring R is called generated by its units if every elements of R is sum of finitely many units of R. Camillo and Yu [2] in 1994 showed that if R is clean ring then R = U 2 (R ) . Now if R is strongly clean then R = U 2 (R ) , and with above proposition we have following result for n-strongly clean ring. Corollary 1.19: Let R be a ring in which 2 is invertible and n be a positive integer .If R is n-strongly clean then R = U n+1 (R ) . Theorem 1.1.0: Let n be any positive integer and e is idempotent of R. If e Re and (1 − e)R(1 − e) are both n-strongly clean then R is also n-strongly clean. Proof: We useē to denote the 1-e and apply Pierce decomposition for the ring R, i.e., R = ere + erē +ēRe +ērē. Let x ∈R. The we can write x = a+b+c+d, Where a,b,c,d belongs to ere,ēre,ērē, respectively. By our assumption a is n-strongly clean. There exist f,u 1 ,u 2 ,. . .,u n , fu 1 = u 1 f, fu 2 = u 2 f . . ., fu n = u n f where f 2 = f ∈ eRe and u i (1≤i≤n) are units in eRe with inverse u
Where g 2 =g ∈ēRē, gv 1 = v 1 g, gv 2 = v 2 g, . . ., gv n = v n g and v i (1≤i≤n) are units inēRē with inverse v Clearly strongly clean rings are -strongly clean rings. Let R = Z , the ring of integer. Then R is a -strongly clean ring, but it is not n-strongly clean for any positive integer n. Hence -strongly clean rings need not be nstrongly clean for any positive integer n. Hence the classes of strongly clean rings are a proper subset of -strongly clean rings.
It has been proved by Xiao and Tong [1] in 2005, if G is a cyclic group of order 3 then group ring Z 2 G is clean. We can extend this result to strongly clean ring. Corollary 1.14: If G is cyclic group of order 3 then group ring Z2G is strongly clean.
By corollary 1.14 and Example 1.3, the following result is immediate. Corollary 1.15: f G is a cyclic group of order 3, then group ring ZpG is -strongly clean ring for any prime p =2
It is obvious that the polynomial ring over a field is not strongly clean. Anderson and Camillo [7] in 2002 showed that every polynomial ring over a commutative ring is not clean hence not strongly clean. The following example shows that every polynomial over commutative ring is not -strongly clean. (1) A homomorphic image of a -strongly clean ring is -strongly clean ring.
(2) A direct product R = ΠR β of ring (R β ) is -strongly clean ring, then each R β is -strongly clean ring.
Proof: Clear from the proof of proposition 1.3 Proposition 1.18: Let n be a positive integer and I be an ideal of R that is contained in J(R). If R/I is -strongly clean and idempotent can be lifted modulo I, then R is -strongly clean. Proof: Followed from the proof of proposition 1.7. Proposition 1.19: Let n be positive integer and R be a commutative ring in which 2 is invertible .Then R is -strongly clean if and only if every element of R is sum of n units and a square root of 1.
Proof: Followed by the proof of Proposition 1.7.
Corollary 1.21: Let R be a ring in which 2 is invertible and n be positive integer. If R is -strongly clean, then R = U n+1 (R ). Proof: Followed from Corollary 1.9.
